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Table 1 

Summary Statistics for International Stock Returns 
The table reports basic moments for weekly equity total return series (including dividends, adjusted for stock splits, etc.) 
for a few international portfolios and two sample periods. All returns are expressed in local currencies. Means, medians, 
and standard deviations are annualized by multiplying weekly moments by 52 and 52 , respectively. LB(j) denotes the 
j-th order Ljung-Box statistic. 

 

Portfolio Mean Median St. Dev. Skewness Kurtosis LB(4) LB(4)- 
squares 

 January 1999 – June 2003 
MSCI Europe – Large Caps -0.079 -0.081 0.267 0.186 4.975 20.031** 32.329** 

MSCI Europe – Small Caps 0.012 0.144 0.161 -0.778 4.815 16.202** 29.975** 

North America – Large Caps -0.012 -0.114 0.206 0.277 3.673 6.981 12.396* 

MSCI North America –  
Small Caps 0.101 0.128 0.218 -0.181 3.384 15.849** 11.374* 

MSCI Asia Pacific -0.035 0.006 0.187 -0.086 3.395 3.138 2.667 

 July 1989 – December 2004 
SPCG Europe – Large Caps 0.092 0.160 0.151 -0.338 5.550 14.581** 175.8** 

SPCG Europe – Small Caps 0.080 0.136 0.127 -0.824 6.740 144.6** 206.5** 

North America – Large Caps 0.084 0.158 0.153 -0.460 5.921 13.821** 63.285** 

MSCI Asia Pacific -0.034 0.002 0.173 -0.119 3.950 2.114 108.5** 

 * denotes 5% significance, ** significance at 1%. 
 

 

 

Table 2 

Correlation Matrix of International Stock Returns 
The table reports linear correlation coefficients for weekly equity total return series (including dividends, adjusted for 
stock splits, etc.) for a few international portfolios. The sample period is January 1999 – June 2003. All returns are 
expressed in local currencies.  

 

 EU – Large EU – Small North 
America 

North Am. – 
Large 

North Am. – 
Small Pacific 

EU – Large Caps 1 0.782 0.747 0.754 0.695 0.509 

EU – Small Caps  1 0.668 0.672 0.727 0.540 

North America   1 0.997 0.795 0.484 

North Am. – Large Caps    1 0.795 0.484 

North Am. – Small Caps     1 0.427 

Pacific      1 
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Table 3 

Estimates of a Two-State Regime Switching Model for Large European, North American 
Large Caps, and Pacific Equity Portfolios 

The table shows estimation results for the regime switching model: 

tst εμr
t
+=  

where rt is a 3×1 vector collecting weekly total return series, 
tsμ  is the intercept vector in state st,, and 

),( ~]'  [ 321 tstttt N Σ= 0ε εεε . The sample period is January 1999 – June 2003. The unobservable state st is governed 
by a first-order Markov chain that can assume two values. The first panel refers to the single-state case k = 1. Asterisks 
attached to correlation coefficients refer to covariance estimates. For mean coefficients and transition probabilities, 
standard errors are reported in parenthesis. 

 

 Panel A – Single State Model 
 Europe – Large caps North America Large Pacific 
1. Mean return -0.0015 -0.0008 -0.0007 
2. Correlations/Volatilities    
Europe – Large caps 0.0370***   
North America - Large caps 0.7470*** 0.0285***  
Pacific 0.5086*** 0.4843*** 0.0259*** 
 Panel B – Two State Model 
 Europe – Large caps North America Large Pacific 
1. Mean return    
Normal State -0.0002 -0.0003 0.0010 
Bear State -0.0046 -0.0020 -0.0048 
2. Correlations/Volatilities    
Normal state:    
Europe – Large caps 0.0253***   
North America - Large caps 0.7318*** 0.0231***  
Pacific 0.5845*** 0.6077*** 0.0227*** 
Bear state:    
Europe – Large caps 0.0559***   
North America - Large caps 0.7681*** 0.0387***  
Pacific 0.4675** 0.3607* 0.0321*** 
3. Transition probabilities Normal State Bear State 
Normal State 0.9605*** 0.0395 
Bear State 0.1084** 0.8916 
* denotes 10% significance, ** significance at 5%, *** significance at 1%. 
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Table 4 

Estimates of a Three-State Regime Switching Model for European, North American,  
and Pacific Equity Portfolios – Effects of Adding European Small Caps 

The table shows estimation results for the regime switching model: 

tst t
r εμ +=  

where rt is a 4×1 vector collecting weekly total return series, 
tsμ  is the intercept vector in state st, and 

),( ~]'  [ 4321 tsttttt N Σ= 0ε εεεε . The unobservable state st is governed by a first-order Markov chain that can assume 
three values. The first panel refers to the single-state case k = 1. Asterisks attached to correlation coefficients refer to 
covariance estimates. For mean coefficients and transition probabilities, standard errors are reported in parenthesis. 
 

 Panel A – Single State Model 
 Europe – Large caps North America Large Pacific Europe – Small caps
1. Mean return -0.0015 -0.0008 -0.0007 0.0002 
2. Correlations/Volatilities     
Europe – Large caps 0.0370***    
North America - Large caps 0.7470*** 0.0285***   
Pacific 0.5086*** 0.4843*** 0.0259***  
Europe – Small caps 0.7816*** 0.6680*** 0.5403*** 0.0222*** 
 Panel B – Three State Model 
 Europe – Large caps North America Large Pacific Europe – Small caps
1. Mean return     
Bear State -0.0501*** -0.0268*** -0.0256*** -0.0288*** 
Normal State -0.0005 -0.0006 0.0007 0.0032** 
Bull State 0.0374*** 0.0214*** 0.0157*** 0.0136*** 
2. Correlations/Volatilities     
Bear state:     
Europe – Large caps 0.0300***    
North America - Large caps 0.6181*** 0.0247***   
Pacific 0.1000 0.0544 0.0277***  
Europe – Small caps 0.7028*** 0.5843*** 0.5045** 0.0290*** 
Normal state:     
Europe – Large caps 0.0246***    
North America - Large caps 0.7182*** 0.0226***   
Pacific 0.5694*** 0.6022*** 0.0219***  
Europe – Small caps 0.7062*** 0.6369*** 0.5759*** 0.0153*** 
Bull state:     
Europe – Large caps 0.0370***    
North America - Large caps 0.5739*** 0.0343***   
Pacific -0.1242 -0.0515 0.0241***  
Europe – Small caps 0.7114*** 0.5137*** -0.3581** 0.0177*** 
3. Transition probabilities Bear State Normal State Bull State 
Bear State 0.2190* 0.0012 0.7798 
Normal State 0.0349 0.9650*** 0.0001 
Bull State 0.5416*** 0.1698** 0.2886 

* denotes 10% significance, ** significance at 5%, *** significance at 1%. 
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Table 5 

Sample and Implied Co-Skewness Coefficients 
The table reports the sample co-skewness coefficients, 

2/1222,, ]}])[[(]])[[(]])[[({
])][])([])([[(

lljjii

lljjii
lji rErErErErErE

rErrErrErE
S

−−−

−−−
≡    

(i, j, l = Europe large, North America large, Pacific, Europe small) and compares them with the co-skewness 
coefficients implied by a three-state regime switching model: 

=tr
tt ss Σ+μ εt . 

εt )I,( ~ 40I.I.D.  N  is an unpredictable return innovation. Coefficients under regime switching are calculated 
employing simulations (50,000 trials) and averaging across simulated samples of length equal to the available data 
(January 1999 – June 2003). In the table NA stands for ‘North American small caps’, and Pac for ‘Pacific’ portfolios. 
Bold coefficients are significantly different from zero. 
 
 

Coeff. Sample MS – ergodic Regime 1 Regime 2 Regime 3
SEU_large,EU_large,NA 0.110 0.025 0.003 -0.006 0.051 
SEU_large,EU_large,Pac -0.126 -0.131 -0.155 -0.016 -0.058 

SEU_large,EU_large,EU_small -0.167 -0.228 -0.101 -0.035 -0.047 
SNA,NA,Pac 0.005 -0.007 -0.021 0.006 0.027 

SNA,NA,EU_small -0.111 -0.070 -0.014 -0.011 0.016 
SNA,NA,EU_large 0.149 0.095 0.079 0.004 0.105 
SPac,Pac,EU_small -0.493 -0.341 -0.333 -0.048 -0.255 
SPac,Pac,EU_large -0.203 -0.151 -0.174 -0.023 -0.103 

SPac,Pac,NA -0.140 -0.086 -0.128 -0.010 -0.071 
SEU_small,EU_small,EU_large -0.467 -0.460 -0.240 -0.063 -0.187 

SEU_small,EU_small,NA -0.367 -0.323 -0.195 -0.046 -0.152 
SEU_small,EU_small,Pac -0.525 -0.487 -0.431 -0.067 -0.342 

      
SEU_large, EU_large, EU_large 0.186 0.110 0.023 -0.012 0.075 

SNA,NA,NA 0.237 0.170 0.140 0.012 0.147 
SPac,Pac,Pac -0.086 -0.169 -0.109 -0.022 -0.079 

SEU_small, EU_small, EU_small -0.711 -0.722 -0.332 -0.081 -0.290 
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Table 6 

Sample and Implied Co-Skewness and C-Kurtosis Coefficients of European Small Caps vs. 
an Equally Weighted International Equity Portfolio 

The table reports average sample co-skewness coefficients, 
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(i, j, l = Europe large, North America large, Pacific, Europe small, Equally weighted portfolio) and compares them with 
the co-kurtosis coefficients implied by a three-state regime switching model. Coefficients under multivariate regime 
switching are calculated employing simulations. Bold co-skewness coefficients are significantly different from zero; bold 
co-kurtosis coefficients are significantly different from their Gaussian counterparts. 
 
 

 Co-Skewness Co-Kurtosis 
 Sample MS - ergodic Sample MS - ergodic 
 European Small Caps 
SEU_small,EU_small,EW_ptf -0.604 -0.566 − − 
SEU_small,EW_ptf,EW_ptf -0.440 -0.412 − − 
SEU_small,EU_small,Pac,EW_ptf − − 2.094 2.133 
SEU_small,EU_small,NA,EW_ptf − − 2.623 2.460 
SEU_small,EU_small,EU_large,EW_ptf − − 3.220 2.927 
SEW_ptf,EW_ptf,EU_small,Pac − − 1.945 2.133 
SEW_ptf,EW_ptf,EU_small,NA − − 2.680 2.428 
SEW_ptf,EW_ptf,EU_small,EU_large − − 3.168 2.790 
SEW_ptf,EW_ptf,EU_small,EU_small − − 3.460 3.262 
SEW_ptf,EW_ptf,EU_ptf,EU_small − − 3.903 3.713 
SEU_small,EU_small,EU_small,EU_ptf − − 3.315 3.071 
 European Large Caps 
SEU_large,EU_large,EW_ptf 0.031 -0.074 − − 
SEU_large,EW_ptf,EW_ptf -0.097 -0.154 − − 
SEU_large,EU_large,NA,EW_ptf − − 3.128 2.483 
SEU_large,EU_large,Pac,EW_ptf − − 1.465 1.616 
SEU_large,EU_large,EU_small,EW_ptf − − 3.320 2.730 
SEW_ptf,EW_ptf,EU_large,Pac − − 1.691 1.841 
SEW_ptf,EW_ptf,EU_large,NA − − 2.997 2.521 
SEW_ptf,EW_ptf,EU_large,EU_small − − 3.168 2.790 
SEW_ptf,EW_ptf,EU_large,EU_large − − 3.650 3.005 
SEW_ptf,EW_ptf,EU_ptf,EU_large − − 3.458 3.021 
SEU_large,EU_large,EU_large,EU_ptf − − 4.119 3.190 
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Table 7 

Sample and Implied Co-Kurtosis Coefficients 
The table reports the sample co-kurtosis coefficients, 

2/12222,,, }])[[(]])[[(]])[[(]])[[({
])][])([])([])([[(

bblljjii

bblljjii
blji rErErErErErErErE

rErrErrErrErE
K

−−−−
−−−−

≡  

(i, j, l, b = Europe large, North America large, Pacific, Europe small) and compares them with the co-kurtosis 
coefficients implied by a three-state regime switching model: 

=tr
tt ss Σ+μ εt , 

where εt )I,( ~ 40I.I.D.  N  is an unpredictable return innovation. Coefficients under multivariate regime switching are 
calculated employing simulations (50,000 trials) and averaging across simulated samples. In the table NA stands for 
‘North American small caps’, and Pac for ‘Pacific’ equity portfolios. Bold co-skewness coefficients are significantly 
different from zero; bold co-kurtosis coefficients are significantly different from their Gaussian counterparts. 
 

Coeff. Sample MS – erg. Regime 1 Regime 2 Regime 3

KEU_large, EU_large,NA, EU_small 2.725 2.125 1.884 1.667 1.877 
KEU_large, EU_large,NA, Pac 1.137 1.123 1.071 1.379 1.156 

KEU_large, EU_large,Pac, EU_small 1.234 1.377 1.194 1.370 1.284 
KNA,NA,EU_large,Pac 1.215 1.131 1.100 1.377 1.192 

KNA,NA,EU_large,EU_small 2.395 2.002 1.908 1.682 1.906 
KNA,NA,Pac,EU_small 1.086 1.129 1.023 1.317 1.141 

KPac,Pac,EU_large,EU_small 1.330 1.496 1.495 1.466 1.505 
KPac,Pac,EU_large,NA 1.243 1.273 1.268 1.364 1.301 
KPac,Pac,EU_large,NA 1.117 1.221 1.322 1.467 1.356 

KEU_small,EU_small,EU_large,NA 2.505 2.191 1.918 1.689 1.900 
KEU_small,EU_small,EU_large,Pac 1.517 1.655 1.276 1.378 1.346 

KEU_small,EU_small,,NA,Pac 1.246 1.376 1.089 1.331 1.176 
      

KEU_large,EU_large,NA,NA 2.985 2.412 2.259 2.221 2.273 
KEU_large,EU_large,Pac,Pac 1.229 1.562 1.751 1.929 1.773 

KEU_large,EU_large,EU_small,EU_small 3.324 2.856 2.416 2.226 2.380 
KNA,NA,Pac,Pac 1.510 1.495 1.697 1.953 1.735 

KNA,NA,EU_small,EU_small 2.369 2.198 2.142 2.073 2.144 
KPac,Pac,EU_small,EU_small 2.193 2.080 1.885 1.958 1.898 

      
KEU_large,EU_large,EU_large,NA 3.450 2.586 2.199 2.131 2.212 
KEU_large,EU_large,EU_large,Pac 1.354 1.457 1.365 1.619 1.452 

KEU_large,EU_large,EU_large,EU_small 3.727 2.847 2.376 2.122 2.352 
KNA,NA,NA,Pac 1.549 1.381 1.200 1.674 1.325 

KNA,NA,NA,EU_small 2.463 2.212 2.054 1.885 2.070 
KPac,EU_small,EU_small,EU_small 1.922 1.852 1.406 1.653 1.554 

KNA,NA,NA,EU_large 2.955 2.536 2.253 2.136 2.271 
KPac,Pac,Pac,EU_large 1.469 1.606 1.471 1.628 1.541 

KEU_small,EU_small,EU_small,EU_large 3.508 3.290 2.469 2.132 2.419 
KPac,Pac,Pac,NA 1.394 1.455 1.232 1.679 1.336 

KEU_small,EU_small,EU_small,NA 2.760 2.665 2.100 1.891 2.090 
KEU_small,EU_small,EU_small,Pac 2.437 2.363 1.454 1.666 1.585 

      
KEU_large,EU_large,EU_large,EU_large 4.975 3.646 2.994 3.130 3.008 

KNA,NA,NA,NA 3.689 3.434 3.094 3.136 3.110 
KPac,Pac,Pac,Pac 3.395 3.258 3.105 3.124 3.094 

KEU_small,EU_small,EU_small,EU_small 4.815 4.758 3.164 3.152 3.140 
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Table 8 

Comparing Optimal Buy-and-Hold Weights with and without Co-Skewness Risks 
The table reports optimal portfolio weights obtained from two alternative regime switching models. The first one 
corresponds to the parameter estimates in Table 6 and implies regime-specific expected stock returns. Therefore it 
implies that all high co-moments (including co-skewness) may affect portfolio behavior (‘Co-Skew’ column). The 
second model constrains expected returns to be independent of regimes and therefore implies that only even co-higher 
moments (e.g. co-kurtosis) affect portfolio choices (‘No Co-Skew’ column). For comparison, the ‘Gaussian IID’ row 
reports results under a multivariate Gaussian benchmark with no regimes. The investor is assumed to have power utility 
and a constant relative risk aversion coefficient of 5. 
 

Investment European small caps European large caps North American large Pacific large 
Horizon (T) Co-Skew No Co-skew Co-Skew No Co-skew Co-Skew No Co-skew Co-Skew No Co-skew 

 Gaussian IID (Single-regime) 
 0.87 0.00 0.00 0.13 
 Regime 1 (Bear) 
1 week 0.00 0.21 0.00 0.00 0.44 0.42 0.66 0.27 
1 month 0.00 0.59 0.00 0.00 0.59 0.09 0.41 0.32 
2 months 0.00 0.68 0.00 0.00 0.61 0.03 0.39 0.29 
4 months 0.00 0.73 0.00 0.00 0.60 0.00 0.40 0.27 
1 year 0.00 0.82 0.04 0.00 0.57 0.00 0.39 0.18 
2 years 0.00 0.83 0.05 0.00 0.57 0.00 0.38 0.17 
 Regime 2 (Normal) 
1 week 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 
1 month 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 
2 months 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 
4 months 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.01 
1 year 0.99 0.93 0.00 0.00 0.01 0.00 0.00 0.06 
2 years 0.97 0.91 0.00 0.00 0.03 0.00 0.00 0.06 
 Regime 3 (Bull) 
1 week 0.00 0.68 1.00 0.00 0.00 0.02 0.00 0.30 
1 month 0.00 0.70 0.37 0.00 0.30 0.01 0.23 0.29 
2 months 0.00 0.72 0.03 0.00 0.56 0.01 0.41 0.27 
4 months 0.00 0.75 0.00 0.00 0.57 0.00 0.43 0.25 
1 year 0.01 0.82 0.00 0.00 0.57 0.00 0.42 0.18 
2 years 0.06 0.84 0.00 0.00 0.54 0.00 0.40 0.16 
 Steady-state (Ergodic) 
1 week 0.00 0.75 0.00 0.00 0.55 0.00 0.45 0.25 
1 month 0.00 0.79 0.00 0.00 0.53 0.00 0.47 0.21 
2 months 0.05 0.78 0.00 0.00 0.51 0.00 0.44 0.22 
4 months 0.10 0.81 0.00 0.00 0.47 0.00 0.43 0.19 
1 year 0.11 0.85 0.00 0.00 0.46 0.00 0.43 0.15 
2 years 0.13 0.86 0.00 0.00 0.46 0.00 0.41 0.14 
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Table 9 

Annualized Percentage Welfare Costs from Ignoring European Small Caps 
The table reports the (annualized, percentage) compensatory variation from restricting the asset menu to exclude 
European small caps. The table shows welfare costs as a function of the investment horizon; calculations were 
performed under a variety of assumptions concerning the coefficient of relative risk aversion and the possibility to 
short-sell. The investor is assumed to have a simple buy-and-hold objective. Panel A and B present results for end-of-
sample simulations (when assumptions are imposed on the regime probabilities) and for real-time portfolios, 
respectively. 
 

 Investment Horizon T (in weeks) 
 T=1 T=4 T=12 T=24 T=52 T=104 

Panel A – Simulations (based on end-of-sample parameter estimates) 
 Equal probabilities 

γ =5 34.94 11.87 5.92 4.38 4.33 2.96 
γ =10 3.57 1.86 1.24 1.06 1.03 0.74 

γ =5, short sales allowed 42.42 19.42 12.55 11.77 11.97 7.77 
γ =10, short sales allowed 3.53 1.43 0.79 0.61 0.53 0.41 

 Ergodic Probabilities 
γ =5 60.11 10.55 5.79 4.63 4.62 3.17 
γ =10 8.40 2.19 1.18 0.97 0.88 0.69 

γ =5, short sales allowed 77.90 9.95 5.68 4.95 5.02 3.51 
γ =10, short sales allowed 41.81 9.86 5.21 4.26 3.89 3.00 

Panel B – Real time recursive results 
 Full sample  (Jan. 2002 – June 2003) 

Mean 40.31 21.21 22.11 22.86 23.79 16.26 
Median 39.98 26.43 24.39 22.71 22.82 15.41 

Standard deviation 23.16 8.44 6.23 8.49 14.58 15.76 
t-stat 1.80 5.62 13.92 15.27 14.41 13.94 

 First sub-sample (Jan. 2002 – Sept. 2003) 
Mean 21.27 24.63 27.71 29.12 30.36 20.47 

Median 59.35 37.47 32.66 32.92 33.17 21.69 
Standard deviation 22.14 8.91 6.42 8.34 14.47 15.92 

t-stat 0.76 4.32 11.75 13.79 13.10 12.52 
 Second sub-sample (Oct. 2002 – June 2003) 

Mean 62.28 17.88 16.70 16.76 17.22 11.88 
Median 32.16 23.72 21.11 20.35 20.00 13.63 

Standard deviation 24.26 7.99 5.18 6.88 11.52 12.14 
t-stat 1.74 3.60 9.10 9.91 9.34 9.16 

 



 41

Table 10 

Estimates of a Three-State Regime Switching Model – Effects of Adding European and 
North American Small Caps 

The table shows estimation results for the regime switching model: 

tst t
r εμ +=  

where rt is a 4×1 vector collecting weekly total return series, 
tsμ  is the intercept vector in state st, and 

),( ~]'  [ 54321 tstttttt N Σ= 0ε εεεεε . The unobservable state st is governed by a first-order Markov chain that can 
assume three values. The first panel refers to the single-state case k = 1. Asterisks attached to correlation coefficients 
refer to covariance estimates.  
 

 Panel A – Single State Model 
 Europe – Large 

caps 
North America – 

Large caps Pacific Europe – 
Small caps 

North America 
– Small caps 

1. Mean return -0.0015 -0.0010 -0.0007 0.0002 0.0019 
2. Correlations/Volatilities      
Europe – Large caps 0.0370***     
North America – Large caps 0.7537*** 0.0285***    
Pacific 0.5086** 0.4822** 0.0259***   
Europe – Small caps 0.7816*** 0.6718*** 0.5403** 0.0222***  
North America – Small caps 0.6948*** 0.7992*** 0.4267** 0.7275*** 0.0301 
 Panel B – Three State Model 
 Europe – Large 

caps 
North America – 

Large caps Pacific Europe – 
Small caps 

North America 
– Small caps 

1. Mean return      
Bear State -0.0403*** -0.0248*** -0.0218*** -0.0214*** -0.0216** 
Normal State -0.0015 -0.0009 0.0004 0.0024* 0.0046** 
Bull State 0.0337*** 0.0204*** 0.0153*** 0.0131*** 0.0134** 
2. Correlations/Volatilities      
Bear state:      
Europe – Large caps 0.0365***     
North America – Large caps 0.6850*** 0.0256***    
Pacific 0.3579** 0.2229* 0.0285***   
Europe – Small caps 0.8049*** 0.6547*** 0.6004*** 0.0324***  
North America – Small caps 0.7759*** 0.6757*** 0.3714** 0.7092*** 0.0378*** 
Normal state:      
Europe – Large caps 0.0242***     
North America – Large caps 0.7443*** 0.0216***    
Pacific 0.5445** 0.6008*** 0.0212***   
Europe – Small caps 0.7096*** 0.6616*** 0.6046*** 0.0146***  
North America – Small caps 0.6869*** 0.8410*** 0.5779** 0.7370*** 0.0234*** 
Bull state:      
Europe – Large caps 0.0359***     
North America – Large caps 0.5386*** 0.0330***    
Pacific -0.0551 -0.0067 0.0245***   
Europe – Small caps 0.6581*** 0.4863** -0.3451* 0.0167***  
North America – Small caps 0.4895* 0.7983*** -0.2535* 0.5554*** 0.0314*** 
3. Transition probabilities Bear State Normal State Bull State 
Bear State 0.2450** 0.0005 0.7545 
Normal State 0.0457* 0.9542*** 0.0001 
Bull State 0.5351** 0.1656* 0.2993* 
* denotes 10% significance, ** significance at 5%, *** significance at 1%. 
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Table 11 

Co-Skewness and Co-Kurtosis Coefficients for Small Caps vs. an Equally  
Weighted Portfolio 

Coefficients under multivariate regime switching are calculated employing simulations (50,000 trials) and averaging 
across simulated samples of length equal to the available data (January 1999 – June 2003). 
 

 Co-Skewness Co-Kurtosis 
 Sample MS - ergodic Sample MS - ergodic 
 European Small Caps 
SEU_small,EW_ptf,EW_ptf -0.422 -0.314   
SEU_small,EU_small,EW_ptf -0.591 -0.275   
SEU_small,EU_small,NA_large,EW_ptf   2.627 2.619 
SEU_small,EU_small,NA_small,EW_ptf   2.709 1.700 
SEU_small,EU_small,Pac,EW_ptf   2.007 2.782 
SEU_small,EU_small,EU_large,EW_ptf   3.178 2.629 
SEW_ptf,EW_ptf,EU_small,NA_large   2.670 2.663 
SEW_ptf,EW_ptf,EU_small,NA_small   2.646 1.872 
SEW_ptf,EW_ptf,EU_small,Pac   1.827 2.907 
SEW_ptf,EW_ptf,EU_small,EU_large   3.094 2.751 
SEW_ptf,EW_ptf,EU_small,EU_small   3.377 3.058 
SEW_ptf,EW_ptf,EW_ptf,EU_small   3.222 3.136 
SEU_small,EU_small,EU_small,EW_ptf   3.845 3.173 
 North American Small Caps 
SNA_small,EW_ptf,EW_ptf -0.200 -0.286   
SNA_small,NA_small,EW_ptf -0.174 -0.252   
SNA_small,NA_small,NA_large,EW_ptf   2.422 1.655 
SNA_small,NA_small,EU_small,EW_ptf   1.869 1.827 
SNA_small,NA_small,Pac,EW_ptf   1.431 1.991 
SNA_small,NA_small,EU_large,EW_ptf   2.442 1.793 
SEW_ptf,EW_ptf,NA_small,NA_large   2.617 1.767 
SEW_ptf,EW_ptf,NA_small,EU_small   2.646 1.872 
SEW_ptf,EW_ptf,NA_small,Pac   1.576 2.162 
SEW_ptf,EW_ptf,NA_small,EU_large   2.725 1.930 
SEW_ptf,EW_ptf,NA_small,NA_small   2.747 2.199 
SEW_ptf,EW_ptf,EW_ptf,NA_small   2.936 2.318 
SNA_small,NA_small,NA_small,EW_ptf   2.825 2.263 
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Table 12 

Effects of the Rebalancing Frequency 
This table reports the optimal weight to be invested in the various equity portfolios as a function of the rebalancing 
frequency for an investor with power utility and a constant relative risk aversion coefficient of 5. Nominal returns are 
assumed to be generated by the three-state regime switching model:  

tst εμr
t
+=  

Rebalancing Frequency Investment Horizon T (in months) 
 T=1 T=4 T=12 T=24 T=52 T=104 

Panel A - Optimal Allocation to European Small Cap Stocks 
IID (no predictability) 0.87 0.87 0.87 0.87 0.87 0.87 

 Bear state 1 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.00 0.00 
Quarterly 0.00 0.00 0.00 0.00 0.00 0.00 
Monthly 0.00 0.00 0.00 0.00 0.01 0.03 
Weekly 0.00 0.05 0.01 0.02 0.03 0.04 

 Normal state 2 
Buy-and-hold 1.00 1.00 1.00 1.00 1.00 1.00 
Bi-annually 1.00 1.00 1.00 1.00 1.00 1.00 
Quarterly 1.00 1.00 1.00 1.00 1.00 1.00 
Monthly 1.00 1.00 1.00 1.00 1.00 1.00 
Weekly 1.00 1.00 1.00 1.00 1.00 1.00 

 Bull state 3 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.03 0.04 
Quarterly 0.00 0.00 0.00 0.00 0.04 0.05 
Monthly 0.00 0.00 0.00 0.01 0.01 0.02 
Weekly 0.00 0.00 0.00 0.01 0.01 0.01 

 Steady-state probabilities 
Buy-and-hold 0.00 0.00 0.05 0.11 0.10 0.10 
Bi-annually 0.00 0.00 0.05 0.11 0.18 0.18 
Quarterly 0.00 0.00 0.05 0.11 0.18 0.19 
Monthly 0.00 0.00 0.08 0.13 0.20 0.20 
Weekly 0.00 0.00 0.00 0.02 0.06 0.07 

Panel B - Optimal Allocation to European Large Cap Stocks 
IID (no predictability) 0.00 0.00 0.00 0.00 0.00 0.00 

 Bear state 1 
Buy-and-hold 0.00 0.00 0.00 0.00 0.04 0.05 
Bi-annually 0.00 0.00 0.00 0.00 0.08 0.09 
Quarterly 0.00 0.00 0.00 0.00 0.09 0.10 
Monthly 0.00 0.00 0.09 0.08 0.07 0.06 
Weekly 0.00 0.00 0.04 0.02 0.01 0.00 

 Normal state 2 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.00 0.00 
Quarterly 0.00 0.00 0.00 0.00 0.00 0.00 
Monthly 0.00 0.00 0.00 0.00 0.00 0.00 
Weekly 0.00 0.00 0.00 0.00 0.00 0.00 

 Bull state 3 
Buy-and-hold 1.00 0.37 0.03 0.00 0.00 0.00 
Bi-annually 1.00 0.37 0.03 0.00 0.00 0.00 
Quarterly 1.00 0.37 0.03 0.00 0.00 0.00 
Monthly 1.00 0.37 0.18 0.09 0.08 0.08 
Weekly 1.00 1.00 0.97 0.90 0.88 0.87 

 Steady-state probabilities 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.00 0.00 
Quarterly 0.00 0.00 0.00 0.00 0.00 0.00 
Monthly 0.00 0.00 0.00 0.00 0.00 0.00 
Weekly 0.00 0.00 0.00 0.00 0.00 0.00 
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Table 12 (continued) 

Effects of the Rebalancing Frequency 
 

Rebalancing Frequency Investment Horizon T (in months) 
Panel C - Optimal Allocation to North American Large Cap Stocks 

 T=1 T=4 T=12 T=24 T=52 T=104 
IID (no predictability) 0.00 0.00 0.00 0.00 0.00 0.00 

 Bear state 1 
Buy-and-hold 0.44 0.59 0.60 0.60 0.57 0.57 
Bi-annually 0.44 0.59 0.60 0.60 0.51 0.50 
Quarterly 0.44 0.59 0.60 0.60 0.50 0.49 
Monthly 0.44 0.59 0.49 0.50 0.50 0.49 
Weekly 0.44 0.46 0.48 0.49 0.50 0.50 

 Normal state 2 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.00 0.00 
Quarterly 0.00 0.00 0.00 0.00 0.00 0.00 
Monthly 0.00 0.00 0.00 0.00 0.00 0.00 
Weekly 0.00 0.00 0.00 0.00 0.00 0.00 

 Bull state 3 
Buy-and-hold 0.00 0.30 0.56 0.57 0.57 0.56 
Bi-annually 0.00 0.30 0.56 0.57 0.59 0.59 
Quarterly 0.00 0.30 0.56 0.57 0.58 0.58 
Monthly 0.00 0.30 0.42 0.50 0.54 0.53 
Weekly 0.00 0.00 0.00 0.00 0.02 0.02 

 Steady-state probabilities 
Buy-and-hold 0.55 0.53 0.51 0.46 0.46 0.46 
Bi-annually 0.55 0.53 0.51 0.46 0.40 0.40 
Quarterly 0.55 0.53 0.51 0.46 0.40 0.39 
Monthly 0.55 0.53 0.47 0.45 0.39 0.38 
Weekly 0.55 0.51 0.46 0.43 0.38 0.36 

Panel D - Optimal Allocation to Pacific Stocks 
 T=1 T=4 T=12 T=24 T=52 T=104 

IID (no predictability) 0.13 0.13 0.13 0.13 0.13 0.13 
 Bear state 1 

Buy-and-hold 0.56 0.41 0.40 0.40 0.39 0.38 
Bi-annually 0.56 0.41 0.40 0.40 0.41 0.41 
Quarterly 0.56 0.41 0.40 0.40 0.41 0.41 
Monthly 0.56 0.41 0.42 0.42 0.42 0.42 
Weekly 0.56 0.49 0.47 0.47 0.46 0.46 

 Normal state 2 
Buy-and-hold 0.00 0.00 0.00 0.00 0.00 0.00 
Bi-annually 0.00 0.00 0.00 0.00 0.00 0.00 
Quarterly 0.00 0.00 0.00 0.00 0.00 0.00 
Monthly 0.00 0.00 0.00 0.00 0.00 0.00 
Weekly 0.00 0.00 0.00 0.00 0.00 0.00 

 Bull state 3 
Buy-and-hold 0.00 0.33 0.41 0.43 0.43 0.44 
Bi-annually 0.00 0.33 0.41 0.43 0.38 0.37 
Quarterly 0.00 0.33 0.41 0.43 0.38 0.37 
Monthly 0.00 0.33 0.40 0.40 0.37 0.37 
Weekly 0.00 0.00 0.03 0.09 0.09 0.10 

 Steady-state probabilities 
Buy-and-hold 0.45 0.47 0.44 0.43 0.44 0.44 
Bi-annually 0.45 0.47 0.44 0.43 0.42 0.42 
Quarterly 0.45 0.47 0.44 0.43 0.42 0.42 
Monthly 0.45 0.47 0.45 0.42 0.41 0.42 
Weekly 0.45 0.49 0.54 0.55 0.56 0.57 
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Table 13 

Estimates of a Three-State Regime Switching Model for European,  
North American, and Pacific Equity Portfolios: Longer Time Series (1989-2004) 

The table shows estimation results for the regime switching model: 

tst t
r εμ +=  

where rt is a 4×1 vector collecting weekly total return series, 
tsμ  is the intercept vector in state st, and 

),( ~]'  [ 4321 tsttttt N Σ= 0ε εεεε . The unobservable state st is governed by a first-order Markov chain that can assume 
three values. The first panel refers to the single-state case k = 1. Asterisks attached to correlation coefficients refer to 
covariance estimates. For mean coefficients and transition probabilities, standard errors are reported in parenthesis. 
 

 Panel A – Single State Model 
 Europe – Large caps North America Large Pacific Europe – Small caps
1. Mean return 0.0018 0.0016 -0.0007 0.0015 
2. Correlations/Volatilities     
Europe – Large caps 0.0209***    
North America - Large caps 0.6156*** 0.0212***   
Pacific 0.4669*** 0.3844** 0.0241***  
Europe – Small caps 0.8951*** 0.5000*** 0.4466*** 0.0176*** 
 Panel B – Three State Model 
 Europe – Large caps North America Large Pacific Europe – Small caps
1. Mean return     
Bear State -0.0094*** -0.0034* -0.0070** -0.0121*** 
Normal State 0.0028** 0.0021** -0.0007 0.0023*** 
Bull State 0.0112*** 0.0058*** 0.0061** 0.0142*** 
2. Correlations/Volatilities     
Bear state:     
Europe – Large caps 0.0289***    
North America - Large caps 0.6620*** 0.0309***   
Pacific 0.5139** 0.3782* 0.0320***  
Europe – Small caps 0.9253*** 0.5947*** 0.5151** 0.0227*** 
Normal state:     
Europe – Large caps 0.0153***    
North America - Large caps 0.5411*** 0.0157***   
Pacific 0.5027*** 0.4420*** 0.0186***  
Europe – Small caps 0.8811*** 0.4271** 0.4511*** 0.0110*** 
Bull state:     
Europe – Large caps 0.0163***    
North America - Large caps 0.5587*** 0.0185***   
Pacific 0.1426 0.2309* 0.0236***  
Europe – Small caps 0.8159*** 0.3221** 0.1317 0.0131*** 
3. Transition probabilities Bear State Normal State Bull State 
Bear State 0.8820*** 0.0463* 0.0717 
Normal State 0.0440 0.9178*** 0.0382 
Bull State 0.0218 0.1440** 0.8342*** 

* denotes 10% significance, ** significance at 5%, *** significance at 1%. 
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Figure 1 

Buy-and-Hold Optimal Allocation – Restricted Asset Menu 
The graphs plot the optimal international equity portfolio weights when returns follow a two-state Markov Switching 
model as a function of: (i) the coefficient of relative risk aversion; (ii) the investment horizon. As a benchmark (bold 
horizontal lines) we also report the IID/Myopic allocation that obtains when returns have an IID multivariate Gaussian 
distribution. 
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Figure 2 

Buy-and-Hold Optimal Allocation 
The graphs plot the optimal international equity portfolio weights when returns follow a three-state Markov Switching 
model as a function of: (i) the coefficient of relative risk aversion; (ii) the investment horizon. As a benchmark (bold 
horizontal lines) we also report the IID/Myopic allocation. The asset menu includes European small caps. 
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Figure 3 

Welfare Costs of Ignoring Regime Switching 
The graphs plot the percentage compensatory variation from ignoring the presence of regime switches in the 
multivariate process of asset returns. The graphs plot the welfare costs as a function of the investment horizon; 
calculations were performed for two alternative levels of the coefficient of relative risk aversion. The investor is 
assumed to have a simple buy-and-hold objective. 
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Figure 4 

Buy-and-Hold Optimal Allocation – Asset Menu Expanded to North American Small Caps 
The graphs plot the optimal international equity portfolio weights when returns follow a three-state Markov Switching 
model as a function of: (i) the coefficient of relative risk aversion; (ii) the investment horizon.  
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Figure 5 

Buy-and-Hold Optimal Allocation – Short Sales Allowed 
The graphs plot the optimal international equity portfolio weights when returns follow a three-state Markov Switching 
model as a function of: (i) the coefficient of relative risk aversion; (ii) the investment horizon. As a benchmark (bold 
horizontal lines) we also report the IID/Myopic allocation. The asset menu includes European small caps. 
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Figure 6 

Buy-and-Hold Optimal Allocation – Longer Data Set 
The graphs plot the optimal international equity portfolio weights when returns follow a three-state Markov Switching 
model estimated on July 1989 – December 2004 weekly returns data. As a benchmark (bold horizontal lines) we report 
the IID/Myopic allocation. The investor is assumed to have a simple buy-and-hold objective and constant relative risk 
aversion equal to 5. 
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Table B1 

Model Selection for Returns on European Large Caps, North American Large Caps, and  
Pacific Equity Portfolios 

The table reports estimates for the multivariate Markov switching conditionally heteroskedastic VAR model: 

t

p

j
jtjsst tt

A εrμr
1
∑
=

− ++=  

where 
tsμ  is the intercept vector in state st, 

tjsA  is the matrix of autoregressive coefficients associated with lag j ≥ 1 in 

state st and ),( ~]'  [ 321 tstttt N Σ= 0ε εεε . The unobserved state variable st is governed by a first-order Markov chain 
that can assume k distinct values. p autoregressive terms are considered. The sample period is January 1999 – June 2003. 
MSIAH(k,p) stands for Markov Switching Intercept Autoregressive Heteroskedasticity model with k states and p 
autoregressive lags. 
 

Model 
(k,p) 

Number of 
parameters 

Log-
likelihood 

LR test for 
linearity 

BIC Hannan-
Quinn 

 Base model: MSIA(1,0) 
MSIA(1,0) 9 1597.00 NA -13.4398 -13.5191 

MSIA(1,1) 18 1607.08 NA -13.3736 -13.5327 

MSIA(1,2) 27 1610.42 NA -13.2490 -13.4884 
 Base model: MSIA(2,0) 

MSIA(2,0) 14 1599.35 4.6972 
(0.971) -13.3433 -13.4666 

MSIH(2,0) 20 1639.69 85.3730 
(0.000) -13.5482 -13.7244 

MSIA(2,1) 32 1639.42 64.6713 
(0.000) -13.3236 -13.6064 

MSIAH(2,1) 38 1642.85 71.5345 
(0.000) -13.2127 -13.5486 

MSIA(2,2) 50 1663.94 107.0428 
(0.000) -13.1705 -13.6137 

 Base model: MSIA(3,0) 

MSIA(3,0) 21 1628.50 63.0003 
(0.000) -13.4292 -13.6143 

MSIH(3,0) 33 1656.26 118.5173 
(0.000) -13.3867 -13.6775 

MSIA(3,1) 48 1659.77 105.3812 
(0.000) -13.1240 -13.5483 

MSIAH(3,1) 60 1681.08 147.9954 
(0.000) -13.0261 -13.5565 

 Base model: MSIA(4,0) 

MSIA(4,0) 30 1633.58 73.1593 
(0.000) -13.2628 -13.5272 

MSIA(4,1) 66 1684.87 155.5868 
(0.000) -12.9184 -13.5017 

MSIH(4,0) 48 1667.89 141.7696 
(0.000) -13.1364 -13.5594 

MSIAH(4,1) 84 1703.65 193.1344 
(0.000) -12.6584 -13.4009 
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Table B2 

Selection of Regime Switching Model for Returns on European, North American,  
and Pacific Equity Portfolios – Effects of Adding European Small Caps 

The table reports estimates for the multivariate Markov switching conditionally heteroskedastic VAR model: 

t

p

j
jtjsst tt

A εrμr
1
∑
=

− ++=  

where 
tsμ  is the intercept vector in state st, 

tjsA  is the matrix of autoregressive coefficients associated with lag j ≥ 1 in 

state st and ),0(N ~]'  [ε
tst4t3t2t1t Ωεεεε= . The unobserved state variable st is governed by a first-order Markov 

chain that can assume k distinct values. p autoregressive terms are considered. The sample period is January 1999 – June 
2003. MSIAH(k,p) stands for Markov Switching Intercept Autoregressive Heteroskedasticity model with k states and p 
autoregressive lags. 
 

Model 
(k,p) 

Number of 
parameters 

Log-
likelihood 

LR test for 
linearity 

BIC Hannan-
Quinn 

Base model: MSIA(1,0) 
MSIA(1,0) 14 2277.84 NA -19.1423 -19.2657 

MSIA(1,1) 30 2321.25 NA -19.2230 -19.4882 

MSIA(1,2) 46 2325.78 NA -18.9699 -19.3777 
Base model: MSIA(2,0) 

MSIA(2,0) 20 2293.17 30.6600 
(0.000) -19.1335 -19.3097 

MSIH(2,0) 30 2309.30 62.9205 
(0.000) -19.0382 -19.3026 

MSIA(2,1) 52 2377.18 111.8710 
(0.000) -19.1885 -19.6281 

MSIAH(2,1) 62 2377.86 99.2137 
(0.000) -18.9002 -19.4482 

MSIA(2,2) 84 2379.88 94.2066 
(0.000) -18.4838 -19.2285 

Base model: MSIA(3,0) 

MSIA(3,0) 28 2328.06 100.4450 
(0.000) -19.2452 -19.4919 

MSIH(3,0) 48 2373.25 190.8288 
(0.000) -19.2252 -19.5882 

MSIA(3,1) 76 2384.26 126.0169 
(0.000) -18.6877 -19.3594 

MSIAH(3,1) 96 2432.60 222.6945 
(0.000) -18.6347 -19.4832 

Base model: MSIA(4,0) 

MSIA(4,0) 38 2330.84 106.0120 
(0.000) -19.0358 -19.3707 

MSIA(4,1) 102 2429.12 215.7464 
(0.000) -18.4645 -19.3661 

MSIH(4,0) 68 2393.42 231.1690 
(0.000) -18.8713 -19.4706 

 




